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Abstract. First of all, the movement equations of the linear-elastic straight kinematical elements in plan-
parallel motion are presented. These are obtained by using the Hamilton's variation principle. In order to
obtain the dynamic response, the Laplace integral transforms and the finite Fourier transforms are applied.
Finally, the components of unit deformation tensor and those of the stress tensor, their variations depending
on time and points distribution, in a concrete case, are given.

1. THE MOVEMENT MATHEMATICAL MODEL OF A KINEMATICAL ELEMENT
LINEAR- ELASTIC SRAIGHT BAR TYPE.

By using the Hamilton's variation principle, the movement equations for kinematical
elements linear-elastic straight bar type were inferred under the form of[1]:
[LHuj+ M, Ha f+ v, + M, i+ v, = {0} (1)
where [L]o is a differential operator defined by the expression:

[ VA G VI IcRReRRY V1 L VY A

28t2 ox2 o2 +[M5 E+[M6]. (2)
In case of plan- paraIIeI motlon (fig.1), the matrices and the vectors from the
relations (1) and (2) have the following form:

wl-e{g Sjl-pr|g Oiml-ealy Smd-pal ! Sl O

{V1}: p~A'X-{ mz;s}T;{Vz}: {O;a_m} ;{u}: {u1;U2}T;{ao}: {301;302}T;{f}: {f1;f2}T;{0}: {O;O}T,

oX

+[m,

where:a - linear-elastic displacement;
© - angular instantaneous velocity of the bar;
€ - angular instantaneous acceleration of the bar;
;0 - acceleration of the bar extremity O;
f(x,t) - exterior force in rapport a length unity;
m(x, t)- exterior moment in rapport a length unity;
p - specific mass of the bar;
A - area of the transversal section of the bar;

m

- the Young's modulus;
|22 - the geometric inertia moment of the transversal section of the bar in relation
to the neutral axis.
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The matrices [Ms]and [Mg] have different form for the two variants, the coupled and
the uncoupled variant, where the mathematical model (1) was inferred. For this reason,
they are presented separately in table1.

Table 1
Variant Coupled Uncoupled
Matrix equations equations
0 1
M, ] %A@ {1 o} 0]
o 2 € p-Ao 2-[M,]
A
[Me] p { € —® 2}
y
Ua(x.t)
j Ui (xt)
O ....... _*—> .....................
< i M(x,0) =A X
L

Fig.1 A bar with plan-parallel motion

Yoa

Fig. 2 R(RRT) mechanism

Grouping the connection terms between the longitudinal and the cross vibrations,
as well those terms which confer to the mathematical model the quality of invariant in
relation to time model it results:

Lo Bt + M, Kag b+ (Vi j+ M, Jif+ (v, 1+ fF} = {0 (1)
where the differential operator [L, ]eis:
e R L) et V) e N
and:
{F} - {Fsz}: [LJ{U} ’ 3)
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with:

L= 15+ M e @)

contains the terms above mentioned.
Neglecting the vector {F} in (1’), it results:

[Lo Bt + M, Jao §+ Vi) + M, Jif -+ {V, = {0] (17

which is an uncoupled model, linear and with constant coefficients in a first approximation.
With {V,}={0}1i {f}=1{0}, in (1"), it results the mathematical model of the free vibrations:

Lo Juj+ M, Jao } + v} + F= {0} (1)

and with {F}={0}, in (1™), it results the mathematical model of the first approximation
under the form:

Lo Juj+ M, Jiao j+ V3, = 0] (1)
2. THE ANALYTIC DETERMINATION OF THE DISPLACEMENTS FIELD.

By applying the unilateral Laplace transform in relation to time and the finite
transforms in cosine and sine, to the first, respectively to the second equation, result the

algebraic uncoupled systems having the displacements u( (n s)]l qu(n s) in Laplace and
Fourier images in cosine, respectively in sine, unknown. Then, inverting the Laplace and
Fourier transforms, it results the solution in the first approximation {u®(x,t)}. With {u®(x,t)}
is calculated, in a first approximation, the vector{F“)}, which is introduced in the equation
(1’). This way, it results the mathematical model in a second approximation. Solving this
one, with the help of the integral transforms, is obtained the solution {u(z)(x,t)} in the
second approximation. Resuming the repetitive process, it results the mathematical model

Lo O t)f+ M, Jiag b+ v + M, Jift+ (v, }+ FO V= To) @)

in the “j” approximation:
FUO= L b)) 121,200, FOf= {0} (5)

{1

The solution in the “j” approximation should be:

where:

uﬁj)(x,t):liI ul (o, t)+ Zu ) (n,t)- cos(a., - X) (6)
ud(x,t) = Eguz‘ls(n,t)-sin(onn - X), (7)

where u)(n,t) and ul(n,t)are the finite Fourier transforms in cosine, respectively in sine,

of the elastic longitudinal, respectively cross displacements. The connecting rod OA being
double jointed, the boundary conditions which have permitted the application of the two
Fourier transform of the original functions and, respectively, for their Laplace images,
were:

ou,(0,t) au,(Lt) . ~ L 0%u,(0,t)  2%u,(L.t)
ox  ox =0, (0.)=u,(L1)=0 ox2  ox?
ou,(0,s) _ au,(L;s) 0%u,(0,5) 0%u,lL,s)

:O,

-0 — L -0 ’ — 2\ =0.
ox ox 0;u,(0,5)=u,(L,s)=0; ox2 ox2 0
The boundary conditions were:
u,(x,0)=0;: M u,(x0) _ = 0;u,(x,0)=0; 8u26(tx,0) -0
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This way it results under the form of a primary approximation the transversal and
longitudinal displacement fields in case of free vibrations of OA connecting rod of the
R(RRT) mechanism from fig. 2.

3. STRESS AND STRAIN STATES

The components of the specific deformation tensor and of the stress tensor are

given by:
1( au, auj} ' )i .
g = +— ==\, +u; }i,j=12,6,, = 2Gg; + A0S, ;,i,j =12 (8)
) z(ax an 2 J J J ] J
where:
O,iij vE
S; = A=—<—;6=divu=Y—5u —u X, thu —u X, t
! {1,i=j (1+v)1-2v) %ax = uothu; =gl t)

G- rigidity modulus;
v - Poisson’s coefficient of contraction;
Using (6) (7) and (8) result the components of the two tensors in “” approximation.

(1) = % £ o, Juflnlsin(a xpeld(x1) = 2 £ o, uh (1) cosia, - x);
el (x,t) = —Z(x [u9) (n, t)cos (e, x) — ul) (n, tysin(o, x)}
oil(x,t) = Enéa” . - ul) cos(a,x) - (2G + 2)- u (n,t)sin(o, x)} (9)
o) (x,t) = 2 fjocn [2G + 1)- ) cos(er, x)— 2 -ul (n,t)sin(o,x)}
o (x,t)= 2 Za [u9) (n, t)cos (e, x) — ul) (n, t)sin(c,x)]
Under the form of the flrst approximation, the components of the two tensors are:
elll(x,t) = zi N, +a,, -cos?(wgt)+as,, - cos(w,t) +a,, - cos(w, ,t)]- sin(e,x)

efl(x,t) ==y ”[(ijnjsm(w t)+ (bs,, +bg., )sin(2emyt) + (Zcmjsm(mnzt)}cos(a X);

=1
cjnjsin(oan,zt)]

e t)=Sa, {b—[(ibj’n)sin(wotﬁ(bs’n +by, )sin(2e,t)+ [
Sln }

clnjsm(mnzt)}

2G + }»)[amn +a,, -cos®(wyt)+a,, -cos(m,t)+a,, - cos(wnjt)]- sin(ocnx)};

ogg(x,t):%i {(2G+A)b[(zb js.nwt (b5n+b6n)s'”(2‘”t+[icmj3in(wn,zt)}~ -

n=1 n =1

™M»

1l
N

J

-
~—
|_1-

.cos(o,X)—[ay, +a,, -cos?(wyt)+as, -cos(myt)+a,,, -cos(o,

ot~ 2 {2 (. Jsmlont o+, Jin(zot)

=1

™Ms

Il
N

j

-cos(a,X)—

—~

-cos(anx)—)\[am +a,, -cos?(Wt)+a,, -cos(wt)+a, , - cos(w ] sin(a x)}'

100
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o\(x,t)= E i o, {bi[(ibm )Sin((ﬂot)-‘r (bs, +bg, )sin(2emet)+ (icj,njsin(mn,zt)}

-cos(a, X) - [a1n +a,, -cos?(w,t)+a,, -cos(wyt)+a,, -cos(w, ,t)]- sin(c x)}
where:

a, =—r(3r:4L)’a =—3% a, _—Lrb_—Arpu)0 1 =a \/7 2 = a ,/ A 0y =
P

p’war 2(0)0 - )

—_— 2 —
a,, = ol a Z(pmo Eo2 x4p600 Eo 2 ) {Loc ( 40)0)Sln(LOL )+ 202[1 COS(Locn)]}
a, =-— pofr(of - o) -[2La, sin(La, )+ cos(La, ) -1}
2 La?(pw? —Ea? f4po? —Ea?) " " "
. pwgr =
Fan = ocn(pcog —E(xz) sinfLo., )

o peprlheer)

o on 0)§’1L2 ﬁ(pcoo Eocﬁx4poag —Eaﬁ)

. {c)i1Locn Sin(Locn ) + (20)5 - c)i1 l’l — COS(LOL )]}

b, = LVEI - af [EPa® — 5AEIpate? + 4A%p%w! }b,, = VE¥a s;m(l.an)bzn - JE¥Po]

by, = —4ApEl - a?w? sin(La, )b, = 4LApVEI - olwib,, = _E E*° or[1-cos(La, )}

bsn = %Aprﬁaiwzﬁ—cos(Locn)];cm = EL/Ap - o, sin(La, )

Cyn = EWAp -alo,|L +r1 —rcos(La, )fc,, = 4/A%p° ol sin(La, )

Can = —A*p’a, 03 [4L + 1 —rcos(La, )}

4. GRAPHICAL REPRESENTATION

One can consider a concrete case for:
L=0,445[m];r=0,04[m]; w, =76,61[s'];b=0,018[m];h=0,005[m]; E=2,1-10""[N/m?];
p=7800[Kg/m°]; G=8,1-10"° [N/m?]; v=0,3.

Using (9’) and the above data one can obtain the graphical representations of the
two tensors components:

L L .
& = gi(J1)(X’t), Oy = O-i?)(X,t), & = Si(Jﬂ(g’t], Oy = Gi(j”(g’t], 1j=12.

101
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5. CONCLUSIONS

A=’ HUH 1” 'H\W‘H H o

T

= il
-« VO

(1)
Fig.10 E =g, t
9 (3 j

g i
I

Fig.12 0,, = OSQ(%,tj
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TS
=] ULl L]

(1)
Fig.14 0,, =0, t
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The relations (9’) indicate the important influence of the kinematical parameters
over the displacements fields of the vibrating connecting rod and thus over the
components of the specific deformations tensor and the stress tensor. Therefore, while
designing, for the dimensioning calculus it is necessary to use relations similar to the (9’)

expressions from this paper.
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